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Abstract 

It is proved that the divergent Rayleigh-Schrodinger perturbation expansions 
for the eigenvalues of any odd anharmonic oscillator are Borel summable in the 
Q ' distributional sense to the resonances naturally associated with the system. 

o' 

o 

5 : 1 Introduction and statement of the results 

d '. and references therein) in quantum mechanics and on the so-called Bessis-Zinn Justin 

e : conjecture have generated a renewed interest on .pectral and perturbation theory of 

.^ ' odd anaharmonic oscillators in quantum mechanics, namely the class of Schrodinger 

rS I operators in -^^(R) defined (on a domain to be specified later) by the action of the 

^ ' differential operator 

H{(3)=p^ + x^ + (3x^^+^ = H{0) + (3x''^+\ A; =1,2,... (1.1) 

Here p = —id/dx, (3, the coupling constant, is a numerical parameter and k is fixed. 
The spectral and perturbation theory of the operators H{i3) (the first perturbation 
theory examples even introduced in quantum mechanics: see e.g.p|) was settled long 
ago, from a mathematically rigorous standpoint, for non-real values of the coupling 
constant (||^; see also |1], 0, [15[)- The main results can be summarized as follows: 

1. If /? G C, Im/? > (analogous results for Im/3 < 0) the operator family H{P) 
defined on the maximal domain DijP') fl D{x^^^^) is closed and has compact 
resolvents. 



Recent work on complex operators with real spectrum (see e.g. 0, H, |], |l^, |T3|, |14, 
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2. Vj = 0, 1, . . ., H{P) admits one and only one eigenvalue Ej{P) near the eigenvalue 
2j + 1 of H{0) for \(3\ suitably small, Im/? > 0. 

3. The function Ej{f3) is holomorphic for Im/3 > 0, and admits a (many- valued) 
analytic continuation across the real axis to the (Riemann surface) sector 

Si{5) = {/3: |/3| <fi(5),-(2A;-l)7r/8 + 5<arg/?< (2A; + 7)7r/8 -5} , V5 > . 

oo 

4. The Rayleigh-Schrodinger perturbation expansion ^ a^/^* near the unperturbed 

eigenvalue 2j + 1 exists to all orders; it has the property 02^+1 = 0, V/ G N, and 
is Borel (more precisely, Borel-Leroy of order q = (2k — l)/2) summable to Ej{(5) 
for vr/S + r] < arg/3 < Tvr/S — r/, r/ > (see [Q for tests of numerical accuracy). In 
particular this implies that if (3 is purely imaginary and small as in Item 1 above 
the eigenvalues Ej{[3) are real. 

A major problem left completely open by these results is however the meaning of the 
perturbation series for /5 G R. In this case the operator H{I3) defined on the maxi- 
mal domain is not self-adjoint; it admits infinitely many self-adjoint extensions, each 
one with pure point spectrum (see e.g. |T^, Vol.11). Now the real part of any function 
Ej{j3),j3 G R, which has no relation with the eigenvalues of the self-adjoint extensions 
([j^), admits the Rayleigh-Schrodinger perturbation expansion as an asymptotic ex- 
pansion to all orders. On the other hand, it is the function Ej{(3) which has a physical 
meaning: any such complex eigenvalue can be indeed interpreted as a (limit) resonance 
of the problem, because it represents the limit of the sequence of shape resonances ob- 
tained by a general cut-off procedure of the potential at infinity as the cut-off is removed 
(BUI)- The function Rei?j(/5) is thus the natural candidate to represent the Borel sum 
of the original, real perturbation series; as in the Stark effect, the function Ej{f3) itself 
is the natural candidate to represent both location (by its real part) and width (by its 
imaginary part) of the resonance. However, when /5 G R the coefficients of this power 
series have constant sign; as is well known, this prevents Borel summability because 
the Borel transform develops a pole on the positive real axis. 

The notion of distributional Borel summmability (more precisely, in this case, Borel- 
Leroy of order q, as recalled in the statement of Theorem p..l| below) was introduced in 
exactly to deal with this kind of situations, and its validity was proved in ([jlO|, 0) 
for the perturbation expansions of the double well oscillator and of the Stark effect, 
respectively. In this last case the distributional Borel summability puts into one-to- 
one correspondence the perturbation series near the Hydrogen bound states with the 
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real part (location) of the resonances. Here the analogous result is proved for the odd 
anharmonic oscillators, namely: 

Theorem 1.1 Let q = {2k - l)/2, /J e K, j G N, and fj{(3) = ReEj{(3), gj{(3) = 
ImEj{f3) . Then the Rayleigh-Schrodinger perturbation expansion is Borel-Leroy summable 
of order q in the distributional sense to fj{l3) for \j3\ suitably small, i.e.: 

(i) Set 

BAt) = y—^^-—f (1.2) 

Then Bj{t) is holomorphic in some circle \t\ < Aj; moreover Bj{t) admits a 
holomorphic continuation to the intersection of some neighbourhood of R+ with 
C+ = {t G C : Imt > 0}. 

(ii) The boundary value distributions Bj{t ± iO) exist Vt G R+ and the following 
representation holds: 



where PP{Bj{t)) = -{Bj{t + iO) + Bj{t + iO)). 
(nt) f,{(3) = f,{-(3), g0) = -g,{-(3). 



Remark 1.2 i. As for the ordinary Borel sum, the representation ( |1.3| ) is unique 
among all real functions admitting the prescribed formal power series expan- 
sion and fulfilling suitable analyticity requirements and remainder estimates (the 
Nevanlinna conditions: see below for their definition and verification in the dis- 
tributional case). 

2. The symmetry property fj{l3) = fj{—[3) is a consequence of the property a2/+i = 
0, V/, which in turn follows from the odd symmetry of the perturbation x^^^^. 

3. The distributional Borel summability procedure actually determines also the 
imaginary part of the functions Ej{f3), /? G R, i.e. also the width of the res- 
onances. The discussion of this aspect is postponed after the proof of Theorem 



1.1. 



The proof of Theorem p..l| requires the verification of the analogous of the Nevanlinna 
criterion as stated and proved in Theorem 4 of p|. This is accomplished in two steps. 
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In the first one (details in Sect. 2) it is proved that the eigenvalues Ej{(3), Ini/3 > 0, 
admit a (many-valued) analytic continuation to a sector wider than the one obtained 
in , namely —{2k — l)7r/4 < arg/5 < {2k + 3)7r/4. To do this we apply to this 
situation the Hunziker-Vock technique ([0), developed after 0, to establish eigenvalue 
stability. The second one (Section 3) consists in extending this analyticity to a suitable 
Nevanlinna disk, as required by the criterion for distributional Borel summability. We 
do this by adapting to the present situation the techniques introduced in |10|, ^ to deal 
with the double well oscillators and the Stark effect. 

2 Analytic continuation of the complex eigenvalues 

Let fc G N be fixed and /5 G C — {0}; H{j3) will denote the operator in i^^(R) defined 
by: D{H{(3)) = D{p^) n D{x^^+^) and 

H{p)u={p^ + x^ + px^^^^)u, yueD{H{f5)). (2.1) 

In [0] it was proved that, for Ini/S > 0, H{(3) represents a holomorphic family of type A 
of operators with compact resolvents and, for \(3\ < B, non-empty (discrete) spectrum. 
The norm resolvent convergence of H{l3) to the harmonic oscillator 

H{0)=p'^ + x\ D{H{Q)) = D{p^)r}D{x^) (2.2) 

as |/3| -^ 0, Im/9 > 0, yielded the stability of the eigenvalues of H{Q) with respect to 
the family H{f3) in the following sense: for any fixed j G N and V(5 > 0, there exists 
Bj{5) = B{6) > such that for |/5| < B{6), Im/5 > 0, H{i3) has exactly one eigenvalue 
Ej{f3) such that \Ej{f3) - {2j + 1)| < 6, and therefore Ej{f3) -^ (2j + 1) as \f3\ -^ 0, 
Im/3 > 0. Moreover such eigenvalues are analytic functions of (3, for \j3\ < B{6), 
Im/3 > 0, and they admit a (many- valued) analytic continuation across the real axis to 
the sector 

S^{5) = |/5 G C : |/?| < B{5), -{2k - 1)^ + 5 < arg/3 < {2k + 7)^ - ^j . (2.3) 

Finally, there exist constants 0,1] > such that the corresponding Rayleigh-Schrodin- 
ger perturbation expansion is Borel summable to Ej{[3) in the sector \[3\ < C, tt/S + t] < 
arg/3 < Tn/S—i]. The main result in this section consists in extending the analyticity of 
the eigenvalues oi H{(3) to the wider sector — (2A; — l)7r/4 + (5 < arg/3 < (2A; + 3)7r/4 — 5, 
as stated in the following 
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Theorem 2.1 The eigenvalues Ej{f3) of H{(3), Im/? > 0, which exist for \(3\ < B, 
admit a (many-valued) analytic continuation across the real axis to any sector 

S{5) = j/? e C : |/3| < B{5), -{2k -l)- + 6 < arg/? < {2k + 3)- - 6\ , V(5 > 0. 

(2.4) 

In order to prove this theorem we need some preliminary resuhs based on the stan- 
dard method of dilation analyticity (see e.g. |T^, Vol. IV, §XIII.10). More precisely we 
introduce the operator 

H{P, 9) = e- V + e^'x^ + j3ei^k+i)e^i2k+i) _ ^-^Oj^^f^^ g^ (2.5) 

which, for 6' G R, is unitarily equivalent to H{P), Im/5 > 0, via the dilation operator 
U{e) defined by 

{U{e)u){x) = e^u{e^x) , Vm G ^^(R). 

In [^ it was proved that, when defined on D{p'^) fl D{x'^^^^), H{j3,6) represents a 
holomorphic family of type A of operators with compact resolvents for —{2k — l)'/r/8 < 
arg/3 < {2k + 7)7r/8, Im^ = {n/2 — aigj3)/{2k + 3). This was obtained by means of a 
quadratic estimate for the operator p^ + e"^^ x"^ + i\l3\x'^^~^'^ (which corresponds to K{i3, 6) 
for arg/? + {2k + d,)lm.9 = 7r/2), vaUd for -7r/2 < 4Im6' < 7r/2. Now, a first step in 
the proof of Theorem ^Tl| consists in proving an analogous quadratic estimate for the 
operator 

K{P, e)=p^ + e^'x^ + \p\e'-^sPH2k+3)e^2k+i (3.6) 

under two more general conditions: 

f 0<argp+{2k + 3)lm9 < % 

1 0<arg/?+(2fc-l)Im^<7r ^^^ 



Remark 2.2 The first of the ( p. 71) corresponds to require the positivity of the imag- 
inary part of the coefficient of x^'^"'"^; as for the second one, if we denote a = arg/5 + 
{2k + 3)lm.9 the argument of the coefficient of x^'^"''^, it is equivalent to require that the 
coefficient 7 = e^^ of x^ is in the half-plane — vr + a < arg7 < a. 

Lemma 2.3 Let a g]0, tt[ and Q G C be a compact subset of the half-plane — vr + a < 
arg7 < a. Then there exist a,b > such that 

\\p\f + hWuf + \P\^\\x^'+\f < a\\{p^ + 7x2 ^ \p\e'-x^'^')uf + b\\uf , (2.8) 

Vm G D{p^) n D{x'^'^^^), •y E Q, < \P\ < 1, a and b independent of -y in Q and a in a 
closed interval comtained in ]0,7r[. 
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Proof. We shall prove the following estimate, equivalent to 

llAf 



a\^\\x\f + IPl^x^'^+^uf < a||(e->2 + ^^' + \f3\x^''^^)uf + b\\uf , (2.9) 



Vm G D{p'^) n D(a;^^+^), with cr = 76 *" varying in a compact subset of the half-plane 
— TT < arg cr < 0. As quadratic forms on D{j)^) fl D{x^^'^^) ® Dijp') fl D^x^^^^) we have: 



(eV + ^a;' + |/?|x'''+^)(e- V + ^a;' + 



\x 



2fc+l^ 



(eV + |/3|a;2'+')(e-V + |/5|a;''^') + kl'a;' + Rea(eV + |/3|x2'=+^)a;' 



0" 

1- 



Recr 



X 



2fc+l 



c2(e-*V 

2\ /„-Ja 2 



Recr 



X 



2fc+l> 



±|a|a;")(e-V+|/3|x"'^+^±|a|x' 



0" 

,«a„2 2 



|2 4 



(eV + |/?|x2''+')(e-V + l/^k"'^ ) + W\x 



+ilma(e>^x^ - e-^°xV) 
XI- ^^^ 



cr 



2„4 



-|-zlmcr cos a[p^, x^] — Imo" sin aijp'x^ + x^p^) 



1- 



Recr 



a 



[e'^p^ + 



\x 



2fc+l 



)(e-V + 



X' 



2fc+l^ 



„2fc+l^ 



-|-2ImcrcosQ^(px + xp) — Imcrsinci; ([p, [p, x^]] + 2px^p 

= (l- ^ ") [(e>2 + |/5|x2^+i)(e-V + \l^\x- 

— 2Ima| cosa\{^px =F a;p) — Imasinck;(— 2 + 2px^p) 

(since sin o^ > and Ima < 0) 
Recr 



I |2 4 
cr X 



I |2 4 
cr X 



> 1 



-2Ima| cosct 
XI- ^^^ 



a 



(e>2 + 1/31x2'=+^) (e-V + |/3|x2^+^) + lapx^ 
2Imcr sin a 

iaJ2 I l,QI™2A:+l 



(p =F x)"^ — p^ — X^ 



|2 4 
cr X 



(eV + 1/31x2'=+^) (e-V + \(3\x""^') + 
-|-2Imcr I cos a\{p'^ + x'^) + 2Ima sin ct . 

In it was proved that there exist ai,bi > 0, in general depending on |/3|, such that 

(eV + |/3|x2^+i)(e^V + IPlx''^') > ai{p' + |/3| V^^^) _ ^^ . 



thus, 



(eV + ^a;' + |/3|x'^+^)(e-'V + f^a;' + 
> Aip" + 



X 



2fc+l^ 



^x^^'+^l 



i?|c7| X -|- 2Imcr I COS a I (p -|- x ) -|- 2Imcr sin ci: — 61 



> [Aa'p^ + 2Imcr| cos Q;|p^ + 2Imcr sin ci; - 6 -h b' /2] 
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+ [/la'|/3| V'=+' + 2lma\ cosa\x^ + b'/2] 

+A{1 - a')p* + A{1 - a') 1/31^^+2 + B\a\^x^ - h' . 

Now it suffices to choose < a' < 1 and 6' > such that the two terms in square 
brackets are positive. 



Lemma 2.4 Let [3 and 6 he fixed, satisfying conditions (W^Ji) o,nd let a = arg(3 + {2k + 
3)Im6', a G]0,7r[. Then there exists ^ > such that 



CRe[e-^("~^) {u,K{P,9)u)] > {u,p\) , Vu G C^iR) . (2.10) 



Proof. We have 



Re 



= COS (a - Ti/2){u,p^u) + e^^'^^ cos (7r/2 -a + Alm9){u, x^u) 

+ |/3|e(2'^+3)^^^os(7r/2)(M,x2^+in) 

= sin a{u, p^u) + e^^'^^ sin (a — Alm.9) {u, x'^u) 

> sin a{u,p'^u) , 

since sin (arg/3 + {2k — l)lni0) > by the second of ( |2.7| ). Moreover, since < a < tt, 
the lemma is proved with ^ = (sina)~^. 

Theorem 2.5 Let s = arg/5 and t = lm.6. Then H{j3,6) is a holomorphic family of 
type A of closed operators on D{H{(3,6) = D{p'^) fl D{x^^^^) with compact resolvents 
for (3 and 9 such that s and t vary in the parallelogram P of the (s, t) -plane defined by 

P = {{s,t) e R^ : < {2k - l)t + s < n,0 < {2k + 3)t + s < tt} . (2.11) 



Proof. Lemma |2.3| guarantees that H{(3, 6) is closed on a domain independent of (3 and 



9 for arg (3 = s and Im6' = t satisfying conditions 

f < (2A; + 3)t + s< TT 
\ < (2A; - l)t + s < TT 

which define the parallelogram P with vertices in the points of coordinates {—{2k — 
l)7r/4, 7r/4), (0, 0), {{2k + 3)7r/4, -7r/4), (vr, 0). From Lemma ^ it follows that, for (3 
and 9 in this region, K{f3, 9) has numerical range in the half-plane —ir + a < arg 2; < a, 
with a = aig/3 + {2k + 3)Im6'; thus H{(3,9) has numerical range contained in the 
half-plane 

n = {z e C : -TT -F arg/? + {2k + l)Im6' < argz < arg/5 + {2k + l)Im6'}. 
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By standard arguments on the holomorphic families of type A (see [|r^ or |TB[ Vol. IV), 
taking into account the above mentioned results obtained in for —{2k — l)'/r/8 < 
arg/3 < {2k + 7)7r/8, we now obtain the analyticity of H{i3, 6) in the region defined by 
P, which allows /? to be extended to the sector —{2k — l)7r/4 < arg/? < (2A; + 3)7r/4, as 
well as the compactness of the resolvents. Finally, the (discrete) spectrum of H{i3, 6) 
is contained in H and Vz ^ H, \\{z - H{l3,e))-'^\\ < (dist(;z, n))-\ 

Remark 2.6 Let us notice that, if we start from the operator H{(3) with Im/5 < 0, 
analogous results can be obtained for the operator family H{[3, 6) for (3 and 6 such that 
s = arg/5, t = ImO vary in the parallelogram 

pi = {{s, t) G R^ : -TT < {2k - l)t + s < 0, -vr < {2k + 3)t + s < 0}. 

Furthermore the adjoint operator H{P, 9))* of H{P, 0) is H{(3, 6). 



In order to complete the proof of Theorem 2.1 we need to extend to the wider sector 



S{5) given by (|2.4|) the result obtained in for /3 G Si{5) (see ( p.3|) ), on the existence 
of eigenvalues of H{f3^ 9) and on their convergence to the corresponding eigenvalues of 
the harmonic oscillator as \(3\ — > 0. To this end, since we cannot make use of the norm 
resolvent convergence which holds only for (3 G Si{5), \(3\ —>■ 0, we will apply the more 



general criterion for the stability of the eigenvalues introduced in [|16[ and based on the 



strong convergence of the resolvents. More precisely, let us consider the operator 

H{0, 6) = e- V + e^'x^ , D{H{0, 6)) = D{p^) f] D{x^) 

corresponding to the dilated harmonic oscillator. We will prove that the eigenvalues 
of H{0,9), independent of 9 for — 7r/4 < Im6' < 7r/4, and represented by the sequence 
of the odd numbers {{2j + 1) : j G N}, are stable in the sense of Kato with respect to 
the family {H{(3,9) : \(3\ > 0}, (3 and 9 in the region defined by P. For simplicity we 
will work with the operators K{(3, 9) = e^^H{(3, 9) and K{Q, 9) = e^^if (0, 9); moreover, 
from now on we will assume 9 purely imaginary, that is of the form i9, —j < 9 < j, and 
(with slight abuse of notation) we will still denote H{P, 9) and K{[3, 9) the operators 
H{(3, 19) and K{(3, i9) respectively. Notice that with this convention we should read 
9 in place of Im^ wherever the notation Im^ has been employed, in particular in the 
conditions (^3). Finally, let a{K{P,9)) denote the spectrum of K{P,9). Then, in 
order to obtain the above mentioned stability result, we will prove the following 



Theorem 2.7 Let (3 and 9 satisfy conditions (2/7). We have: 
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(i) ifXi a{K{0,9)), then \ E A, where 

A = {zeC:z^ (r{K{l3, 6)) and {z-K{f3, 6))-^ is uniformly bounded as \(3\ -^ 0} 

(ii) if X e a{K{0,e)) = {{2j + l)e^'^ : j G N}, then X is stable with respect to the 
family K{j3,6), i.e.: if r > is sufficiently small, so that the only eigenvalue of 
K{0,6) enclosed in T^ = {z E C : \z — X\ = r} is X, then there is B > such 
that for \P\ < B, dimP{P,9) = dimP{0,e), where 



P{f3, e) = {2m)-^ f {z- K{(3, e))-^dz 



is the spectral projection of K{j3, 6) corresponding to the part of the spectrum 
enclosed m F^ C C — a{K{P, 6)). Similarly for P(0, 0) . 



Proof. It is a straightforward application of Theorem 5.4 of [ITH] once we have proved 
the following 



Theorem 2.8 Let arg/? and 6 he fixed, satisfying conditions ( \2. ![ ), and let K[p) 
K{(3,e) withp= |/3|. Then 



(a) 



(h) A^ 



lim K{p)u = K(0)u, lim K{pyu = K{0)*u, Vm G Co°°(R). 

p— >0+ p— >0+ 



(c) Let X e C^(R) be such that x{x) = 1 for \x\ < 1, < x{x) < 1, Vx G R, 
x{x) = for \x\ > 2. For n E 'N let Xn{x) = x{^/^) (^"iT-d Mn{x) = 1 — Xn{x). 
We have: 

(1) if pm -^ 0+ and Um G D{K{pm)) are two sequences such that 

\\um\\ ^ 1, Mm ^ 0, and \\K{pm)um\\ < (const.), Vm, 
then there exists a > such that 

lim sup II M„-Um II > a > 0, Vn; 

m— >oo 

(2) for some z E A 

\im\\[Mr.,Kip)]iz~Kip))-'\\=0, 
uniformly as p ^ 0^; 
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(3) VA G C, there exists S > such that 

dn{X,p) = inf {||(A - K{p))Mnu\\ : u G D{K{p)), ||M„w|| = 1} ><5 , 

Vn > no and p ^ 0"*". 

Proof. 

(a) It follows immediately from the convergence of the potential V{p) = e^*^x^ + 
^gi(arg/3+(2fc+3)6»)^2fe+i ^^ V{0) = e^*^x^ as p — i> 0"*", Uniformly on the compact 

subsets of R. 



(b) As already observed in the proof of Theorem |2.5| K(p) has numerical range con- 
tained in the half-plane 

Ha = {z E C : —n + a < argz < a}, a = arg/? + {2k + 3)9 

indipendent of p, and Vz ^ IIq,, \\{z — K{p))^^\\ < (dist(2;, IIq,))""'^. 

(c) Statement (1) follows from a standard argument based on an estimate which 



comes from Lemma 2.4: there exists c > such that 



[l+p^)-^u\\<c{\\K{p)u\\ + \\u\\) , VuED{K{p)). (2.12) 



For the details see ||16|. As for (2), following again |T^, we have: 



[M„, K{p)] = [xn,P^] = 2m-i$„p - n"2^„ , 

where the functions $„ and \E'„, obtained by differentiating x once and twice 
respectively, are uniformly bounded in n and p. Thus, the result follows applying 
again ( |2.12| ). Finally, given A G C we have 

dn{X,p) = inf {||(A' - e*(i-")K(p))M„M|| : u G D{K{p)), ||M„iz|| = 1} 

with A' = e^(§-")A, a = arg/? + {2k + 3)6. Therefore 4(A,p) > dist(A', G„(p)), 
where 

GM = {(M„M,e*(i-")i^(p))M„M) : u G D{K{p)), \\M^u\\ = l} , 

whence 

ci„(A,p) > mi{Re{MnU,e'^^-'^^K{p))Mnu) - |A'| : u G D{K{p)), ||M„n|| = l} . 
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Now the assertion follows from the proof of Lemma |2.4], which yields 



Re{MnU,e'^^-''^K{p))MnU^ 

>sin(arg/3 + (2A;- l)^)(M„u, x^M^u) > n^ sin (arg/5 + (2A; - 1)^) 

and therefore 

lim dn(\, p) = +00 . 

Remark 2.9 It is immediate to check that all the results so far obtained, in particular 
the analyticity of the family H{f3, 9) and the stability of the eigenvalues of the harmonic 
oscillator with respect to H{j3, 6) as p = \(3\ —^0^, hold uniformly in (3 and 6 such that 
(arg/3, 9) varies in any compact subset of P. 



Proof of Theorem \2.1\ It follows from Theorems p.5| and ^J\ and from Remark |2.9| . 
In particular if (arg/3,^) G P, by the well-known Symanzik scaling properties (see 
|[T9|1 ) the eigenvalues Ej{f3) of H{P,9) do not depend on 9 and represent the analytic 
continuation to the sector S{6) of the eigenvalues of H{i3), Im/5 > 0; in fact, as already 
observed, the condition (arg/5,6') G P, allows us to extend arg/3 to the interval ] — 
(2fc - l)7r/4, (2A; + 3)7r/4[. 

Remark 2.10 Let Ej{(3) denote the generic eigenvalue of H{f3) for Im/? > 0, which 
can be analytically continued to the sector S{5), and Ej{P) the generic eigenvalue of 
H{j3) for Im/5 < 0, which can be analytically continued to the sector 

^{S) = i(3 e C : < \(3\ < B{6), -{2k + 3)^ + 6 < arg/3 < {2k - 1)^ - 6 



Then, from Remark TE we have Ej{j3) = Ej{j3). 



3 Analyticity of the eigenvalues in a Nevanlinna 
disk and distributional Borel summability 

We begin this section by stating and proving the basic analyticity result needed to 
establish the distributional Borel summability. 

Theorem 3.1 Set q = {2k — l)/2. For each eigenvalue Ej{j3), j G N, of the odd 
anharmonic oscillator H{j3) there exists R > such that Ej{f3) is analytic in the 
Nevanlinna disk Cr = {f3 e C : Rep'^/" > R~^} of the jS^/'^-plane. 
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Remark 3.2 (I) the sector S{6) can be re-written in terms of the parameter q: 

S{5) = j/? e C : |/3| < B{5), -^ + - < arg/31/^ < ^ + !^ - ^1 . 
I 2 g 2 q qj 

(II) The function Ej{j3), analytic in any sector S{6) and for which we want to prove 
analyticity in a disk Cr, represents an eigenvalue of the operator H{i3, 9) if the 
pair (/?, 0) satisfies the condition (arg/?, 0) G P. In particular for — 7r(2A; — l)/4 < 
arg /5 < we can choose the path inside P given by the straight line of equation 

= — — arg jj + 



2A; + 1 ""^ 2(2A;+1)' 
then, if we set 

arg/3 = -^(2fc - 1) + i(2fc - 1) = -|g + eq, i.e. arg/J^/" = _| + e, e ^ 0+ 

we obtain 6* = 7r/4 - (2A; - l)e/[2(2A; + 1)] = it/A - eq/{2k + 1), and the operator 
H{j3, 6) takes the form 

A{p) = e"'(5"^'V + e*^^"^^^x^ + 2px^^+^ , with p = \/3\ . 

TV 

(III) For /3 = pe^^^^^ and arg/? = (— — + e)g, the boundary of Cr has equation 

pi/? 
sme=-^. (3.1) 

Since the disk Cr can be regarded as the union of the boundaries of disks of 



smaller radius, the proof of Theorem 3.1 reduces to a stability argument with 



respect to the family A(p), as p — > 0"*", under condition (|3.1|), for the eigenvalues 
of a suitable limiting operator, which we proceed to define. 



The argument is similar to the one already developed in and [T0| to obtain analyticity 
of the eigenvalues for the operators associated with the Stark effect and the double 
well oscillators respectively. More precisely, let D denote the dense subset of i^^(R) 
of the functions which are translation analytic in a suitable strip |Imx| < r^o, for 
some < r^o < 1 (recall that u G -^^(R) is translation analytic for |Imx| < r if 
{Tau){x) = u{x + a) admits an L^— valued analytic continuation to |Ima| < r); D 
represents a core for A{p). 

Definition 3.3 Let rj > be fixed and small. For fixed a^ > 0, set Xq - 
and letU denote the unitary operator in i^^(R) defined by 

(W^)(x) = (^;(a;))^(^,(a;)) , W^ e D , 



pl/{2k-l) 
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where, for any given p > 0, C,p & C°°(R) satisfies the conditions: 



^p(x) = X — ir] arctan x/{l + x^'f-l^ 



—Xq < X < +00 

X < Xq — rj 



(3.2) 



and Ini^p(x) is monotone in the remaining region. 

Then the closed operator Hp = UA{p)U^^ , unitarily equivalent to A{p) and with the 

same (discrete) spectrum, has Di = U{D) as a core, and its action on Di is given by 



HpU = e 



{p/> + 4-^(/,T}« + e^^^-^%^tx + ^per^«, V^GDi, (3.3) 



where fp{x) = {i'{x)) ^ , Vx G R. 



Remark 3.4 In a similar way we can define the dilated harmonic oscillator, having 
Di as a core: 

H,u = -I [pflv + ^-\fir) u + lilu , Vm G Di , 

x/(l + x^Yl^\ , V G R. In Corollary 



where /o(a;) = (^o(^)) "^ ^"^^ ^o(^) — a; — i?] arctan 

0| we will prove that Hq is the limit in the strong resolvent sense of Up as p — *> 

O"*". Therefore, as anticipated after Remark |3.2|, the proof of Theorem R?T| consists 



in obtaining a stability result for the eigenvalues Ej = (2j + 1), j G N, of Hq, which 
coincide with those of the harmonic oscillator, with respect to the family Hp as p ^ 0+. 

Proceeding in analogy with and [0, this result will be obtained by proving some 
preliminary lemmas aimed to verify the hypotheses of Theorem A.l of [|10|- This the- 
orem represents a simpler tool for applications, in the context of the more general 



stability theory developed by Hunziker and Vock in |jT6[. In particular in the subse- 
quent Lemmas |3]^, pl6| , pl9| , p.lO| and Corollaries ^^, pl8| , we follow the corresponding 
steps used in p[ and ||10[ to obtain similar results, each one adapted to the specific 
characteristics of the present problem; we will describe here the relevant details. 



;fTT 2k-l 

Lemma 3.5 Let Vp{x) = e^'^ 2*= 



^^^^pi^) + '^P^l^^^i^)- Then for a suitable choice of 
the constant ak > in Definition \3.!^ there exist constants Ci > and C2 G R such that 



ReVpix) > § + C2 

JrC 



Vx 



-n,n) 



(3.4) 



Vn > nO; < p < po- 
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Proof. Set ri{x) = Im^p(x); then r]{x) < for x > 0, r]{x) > for x < 0, and 
—riTi/2 < r]{x) < f]TT/2, Vx G R. Now a simple calculation gives 

ReVp{x) = sin {e{2k - 1)/(2A; + 1)} [f - ri{xf) - cos {e(2A; - 1)/(2A; + 1)} {2xri{x)) 

-pr]{x) {2k + l)x2^ - ( ^^3+ ^ ] x^'^-M^y + ( ^^ + ^ ] x=^^-^r/(x)^ 

+••• + (-1)'=-^ ill -I) ^'vixr-' + i-iMxr 

(3.5) 

Next we notice that the term inside the square brackets can be bounded from below 

by a constant (independent of p), and for x > n > no, < p < po we have x^ > "^(x)^, 

whence 

ReVp{x) >cn + c'>^ + C2. (3.6) 

R 

For X < —n we still have x^ > rjlx)"^, and the term inside square brackets in ( p. 51) can 
be bounded from above by 

Ax^^ + B , 

for suitable constants A > and B eH, independent of p and n. Thus, 

ReVp{x) > sin [e{2k - I) /{2k + 1)] (x^ - T]{xf) 

- cos [e{2k - I) /{2k + 1)] (2xr7(x)) (3.7) 

-pr]{x){Ax^^ + B) 



Now, if the number ajt > in Definition 3.2 is chosen so that the polynomial term 



- 2x cos [e{2k - I) /{2k + 1)] - p{Ax^^ + B) (3.8) 

attains its (positive) maximum at Xq = — ,. , _ . , estimate (|3.6| ) still holds in the 



P 



l/(2fc-l) 



interval xq < x < — n, if we make the assumption, not restrictive in this context, that 
n <^ p~^'^. Finally, notice that at some point smaller than xq the term (|3.8| ) becomes 
negative and tends to — oo as p ^ 0+, without being compensated by the term 



sin [e{2k - I)/ {2k + 1)] (x^ - r]{x) 



which behaves as x^, if we recall that sine = . This is the reason why it was 

R ' R ^ 

necessary to set rj{x) = for x < xq — r]. In particular in this region we have 

ReV;,(x) = (sin [e{2k - l)/{2k + 1)]) x' > c (^^) [-^rm^ ' ^) ^ | + ^^ ' 
whence the assertion. 



iFioui now on the constant a^ > in Definition p.3| will be chosen so as to satisfy 
Lemma 13. 51. 
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Lemma 3.6 There exist constants 03,04 > such that 



Re(M, Hpu) > C3 



-\pu\ dx — C4\\u\ 



'xo x"^ + {1 + X^)2 

WeD{Hp),0<p<po. 

_ YTT 2fc — 1 N 

Proof. Set ui = e ^2 2^+1'=^. Then we have 

^ [cofplpu]' + -{f,r\u\' + Vp{x)\u\'j dx . 
As for the first term in the right hand side of (|3.1CI| ) we have 

Re{ujf^) = sin [e{2k - l)/{2k + l)]Ref^ + cos [e{2k - l)/{2k + l)]lmf^ 
For a; > a;o it is easy to check that 

1 L o (l + x^)t 



and 



whence 



Ref,>^\l-V' 



Im/p > T] 



[a;2 + (l + x2)t 



2U12 



'l + x') 



X^ + (1 + x2)2 



Re(u;/p) > r] cos [e{2k - 1)/(2A; + 1)] 
In the region x < Xq — rj we have fp{x) = 1, so that 



'l + x')i 



X2 + (1 + X2)2 



Re(cj/2) = sin [e{2k - l)/{2k + 1)] . 



(3.9) 



(3.10) 



(3.11) 



(3.12) 



(3.13) 



(3.14) 



(3.15) 



Now simple calculations allow us to verify that \{fp)"\ is bounded. Moreover from ( p.5| ) 
it follows that ReV^(x) is bounded from below in the interval (— no,no), and therefore 
in R by Lemma p.5| . Now the assertion follows combining this result with ( |3.14| ) and 

(EH). 

Corollary 3.7 (1) lim HpU = Hqu , Vu G Di . 

(2) A' ^ 0, where 

A' = {2; G C : 2; ^ ci^Hp) and (2; — Hp)~^ is uniformly bounded as p -^ 0^} . 



('cJj Hp converges strongly to Hq in the generalized sense. 
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Proof. Statement (1) follows from the fact that ^p(x) -^ ^o{x) as p ^ 0^, uniformly 
on compacts. By Lemma p.6| we have that the numerical range of Hp is contained in a 
right half-plane 11, and since Hp has discrete spectrum, \\{z — Hp)~^\\ < (dist(z, n))~\ 
\/z ^ n. Finally (3) follows from (1) and (2), since Di is a core for Hp, p > (see fTi 
Theorem VIII. 1.5). 



Corollary 3.8 Let x £ C^{H) be the function defined in Theorem ^.dj fc), and again 
let Xn{x) = x{^/^)! Mn{x) = 1 — Xn{x) , Wn E N . Then there exists C5 > such that 



\[Hp,x„]u\\ < ^{\\Hpu\\ + \\u\\) (3.16) 

n4 



Vm e D{Hp), < p < po. 



Proof. Let u G D{Hp), \\u\\ = 1, and 72n be the characteristic function of the interval 
[~2n,2n]. We have 

[Hp, Xn] = uj[pf^pP, Xn] = uj-i2n{2in-^flx'{x/n)p + 2n-^fpf'^x'{x/n) + n'^ fix" {x / n)} . 

(3.17) 
Now, since x', x" 1 fpi f'pi fp ^^^^ ^^^ bounded functions, we have the pointwise estimate 

\[Hp,XnHx)\ < 2.^\u{x)\ + \{pu){x)\). (3.18) 

Thus, for ||u|| = 1, 

\\[Hp,Xn]u\\ 




<^{Re{u,Hpu) + l} , 

whence the assertion. Notice that to obtain the second inequality we assumed again, 
without loss, n <^\xq\, while for the last inequality we have used Lemma 3.6. 

Lemma 3.9 Let the sequences pm —>■ 0+ andum G D{Hp^^) be given such that \\Hp^Um\\ 
is bounded, \\um\\ = 1, Um -^ 0. Then Vn 

lim llxn^mll = . 
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Proof. Set H' = uo ^Hp and let A G C — ct^Hq) be fixed. Then we have 

where R'q = {X — Hq)~^. Now we can proceed as in the proof of Lemma 5 of 
Lemma 3.10 For any A G C there exist R, hq, 6 > such that 

dn,p{\) = inf {||(A - i/p)M„M|| : u G DiHp), ||Af„u|| = 1} > 5 , 
Wn > riQ ,Vp < po- 



Proof. By Lemma 3.5 



Cl 



Re(M„M, Vp^Mnu) >^ + C2>5>0 

ri 



if llMnwII = 1 and R is chosen sufficiently small. Finally, from the proof of Lemma ^ 
the kinetic part of Hp is bounded from below and this proves the lemma. 



Proof of Theorem 3A . From Corollary 3^ and Lemmas p.9| , 3.10| the proof of a theorem 
analogous to Theorem |2.8| immediately follows, with the operator K{p) replaced by Hp, 



p > 0. Thus, we can apply Theorem Al of [|IOl, in order to obtain the following stability 
result: 

(i') if A ^ o-{Ho) then (A — Hp)^^ is uniformly bounded as p ^ 0+; 

(ii') if A G cr{Ho) then A is a stable eigenvalue with respect to the family {Hp}p^o. 



With an argument analogous to the one used to prove Theorem p.l| we now obtain the 
following 

Theorem 3.11 Let q = {2k- l)/2. Then for each eigenvalue Ej{j3), j G N, ofH{j3), 
Im/5 > 0, there exists R' > such that Ej{j3) is analytic in the Nevanlinna disk of the 
P^^'^ -plane 

Dr> = {(3eC: l/?^/-? - (i?/2)e^"/'?| < R/2} 

contained in the half-plane — | + - < arg/3^/'^ < | + -, with radius R/2 and center at 
C = (i?/2)e^"/5. 



Remark 3.12 Set /3' = (3e *'^; then, by Theorem |3.11| , Ej[[3) is analytic in the Nevan- 
linna disk 

CR, = [peC: Re(/3')-^/^ > {R'V} 

of the (/3')^/^-plane. 
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Theorem 3.13 For any j G N, the eigenvalue Ej{(3) of H{j3) is Borel summable in 
the ordinary sense for < arg/9 < vr and in the distributional sense for arg/5 = and 
arg/3 = vr. 

Proof. We will examine only the "singular" cases arg/3 = 0,7r; the others can be 
treated in the standard way (see also [0 for tt/8 < arg/3 < Ttt/S). Let us consider 
first the case arg/? = 0. Then Theorem p.l| allows us to apply the criterion for the 
distributional Borel-Leroy sum of order q given in ||^. More precisely, the criterion 
requires the analyticity of Ej{P) in a disk C/j = {/5 : Re/3~^''^ > R^^}, as obtained in 
Theorem B.IL and the well-known estimates for the remainders: 



7V-1 



EM-E^sP' 



s=0 



<Aa''T{qN + l)\(3\ 



N 



^N 



1,2, 



(3.19) 



uniformly in Cji^^ = {P E Cr : arg/^^/"^ > — 7r/2 + e}, Ve > 0, where the constants A and 

oo 

a may depend on e, and ^ as[3^ is the Rayleigh-Schrodinger perturbation expansion 

s=0 



corresponding to Ej((3) (see also |18|,Vol.IV, for the standard proof of such estimates). 
As for the case arg/5 = vr, we first notice that (|3.19 ) is known to hold uniformly in /3 
in any sector 



S{6) 



2 q 2 



vr _51 
q q] 

Next observe that the direction arg/3 = vr in the /3-plane corresponds to the direction 
arg/3' = in the /3'-plane, (3' = I3e~™ . Now, in analogy with [^ (Theorems 3 and 4), 
the criterion for the distributional Borel-Leroy summability of order q of Ej {(3) in the 
direction arg/5 = vr can be stated in terms of the "adapted" variable /3', in the sense 
that it relies on the following two conditions: 



'1) Ej{f3) is analytic in 



Cr' 



G C : Re{f3')-^/'' > {R')-'} 



(2) Ve > 0, there exist A,a > such that 



N-l 



F,i/3')-j:i-n'asil3') 



s=0 



<Aa'^T{qN + l)\P 



llN 



ViV = l,2,... 



uniformly in C/j',e = {/3 G Cri : arg(/3')^/'^ > —n/2 + e}, where 



F,{P') ^ E, (P'e-^-) = E,{P) . 



(3.20) 
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Now, (1) is given in Remark ^.121 and (2) follows from the fact that the sector S{6), 



where ( p.l9| ) holds uniformly, can be rewritten in terms of (P'Y^'^ as 

8(5) = \peC:\P\< 3(5), -^ - !^ + ^ < arg (P'Y^^ < ^ " -| • 
I 2 g g 2 gj 

Indeed, since the coefficients a^ of the power series are real, (2) is equivalent to 

<Aa^T{qN + l)\f3'f, ^N = 1,2, ... (3.21) 



F,i/3')-Y.i-^rasi/3') 



s=0 



uniformly in Cr-,, = {/? G Cr> : arg(/5')^/'' < n/2 - e}, where Fj{/3') = Ej{/3). 

Proof of Theorem \1.1\ According to the terminology introduced in [§ about the dis- 
tributional Borel summability, by (|3.19|) Ej{(3) represents the so-called "upper sum" 
and Ej{P) the "lower sum" for P G Cr; conversely, by ( p.20|) , Ej{[3) is the lower sum 
and Ej{j3) the upper sum for [3 G Cri. More precisely, Ej{[3) admits for j3 G Cr the 
integral representation 

EAP) = ^l i?,(t + .0)e-(*//^)^^M^j dt (3.22) 



and the analogous representation holds for Ej{l3) with B{t + iO) in place of i?(t + iO). 
For [3 G Cri the representation analogous to ( |3.22|) holds in terms of the adapted 
variable [3' , i.e.: 

eM = Fm = ^ f B,{t + ^0)e-(*/^')^^' lyj)j ^ ' dt (3.23) 

because the odd terms in the power series are identically zero. The distributional Borel 
sum, which must be real for /5 G R since the Rayleigh-Schrodinger perturbation series 

oo 

y^ asl3^ has real coefficients, is given by 

s=0 



;,.(,) . m±EM . (3.24) 



while the difference 



Ej{P)-E.j{p), peCR 
d,{(3) ^ 2tg,{(3) = { _^ (3.25) 

E^{P)-E,iP), PeCRi 

represents the so-called " discontinuity" , which has zero asymptotic expansion. Now, if 
/3 G R, by ( p:^ and (g]^ we have 



E,i-(3) = E,if3) 
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since, once again, the perturbation series ^ Os/?** is such that a^ = if s is odd, 

s=0 

oo 

and therefore it can be written in the form ^02^/?^'. It follows that fj{/3) = fj{—/3) 

1=0 
and gj{—P) = —gj{P), i.e. Ej{(3) and Ej{—[3) have the same real part and opposite 

imaginary one. This concludes the proof of the theorem. 



Remark 3.14 i. For /3 G R, it follows from (^) and i^7^ that 



/,(/5) = ReE,-(/3), d^{±\j3\) = ±2ilmE,{±\P\). (3.26) 

Since Ej{[3) can be interpreted as a resonance of the problem (Jill)) fjiP) repre- 
sents the position of the resonance and \dj{(3)\/2 its width. As in the Stark effect, 
the distributional Borel summability completely determines the resonance. 

2. In the present case /j(/3) and dj{(3) admit a further interpretation, since by Re- 



mark ^TTD|, Ej{(3) = Ej{i3), where Ej{(3) represents the j-th eigenvalue of H{(3) 
for Im/3 < 0. As proved for Ej{(3), EH (3) can be analytically continued to Nevan- 
linna disks analogous to Cji and Cfi> across the positive and negative real axis 
respectively. Thus, 

W) = ^^^^^^^^ and d,{(3) = ±[EM-EJm, 
where the -|- holds for P G Cr, and the — for /? G Cr'. 

3. As already recalled, the eigenvalues admit the classical Borel integral represen- 
tation for 7f/8 + r] < arg/5 < Tvr/S - r/, r/ > (0). Formulas dpI), { ^^ yield 



their explicit analytic continuation to the regions Cr and Cri across the real axis. 
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